Hubble and Planck scale limits on the determination of orbital 
angular momentum states of light 
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PACS 42 . 50 . Tx - Optical angular momentum and its quantum aspects 

PACS 14.70.Bh -Photons 

PACS 03 . 65 . -w - Quantum mechanics 

Abstract -We review Heisenberg's uncertainty principle for the orbital angular momentum (OAM) of light. 
By taking into account the largest and smallest scales present in nature, such as the the Hubble radius and 
the Planck length, we have found that there exist upper and lower physical limits to the determination of the 
OAM of a photon. 



Introduction. - Heisenberg's uncertainty principle is one 
of the most important pillars of quantum physics. It de- 
scribes the intrinsic impossibility to measure simultaneously 
certain physical observables, known as conjugate quantum vari- 
ables. This behaviour is mathematically described by the non- 
commutativity of the mathematical operators associated with 
dynamical variables that do not admit a spectrum of simulta- 
neous eigenvalues with an uncertainty on the order of the ratio- 
nalised Planck constant H. As is well known, fundamental phys- 
ical quantities such as the coordinate q and its conjugate mo- 
mentum p, and the energy E and time t obey, in non-relativistic 
quantum mechanics, the Heisenberg relations ApAq > ft/2 and 
AEAt > fi/2. These relations represent the basis for the concept 
of the wave function of a particle. 

Generally, a Hermitian operator A, representing an ar- 
bitrary physical observable A, has the expectation value 
Ao = / \l/*(q)A\j/(q)dq, where the probability density wave 
function y{q) in most cases is an L 2 -integrable function when 
the integral converges. The total probability can be normalised 
to unity. In some cases the integral may diverge and the proba- 
bility cannot be normalised in the whole parameter space. How- 
ever, the ratio of the values of the probability at two different 
points of the configuration space can be normalised, thus rep- 
resenting the relative probability distribution. The uncertainty 
in the measurement of the quantity Ao is represented by the in- 
terval AA denned by (AA) 2 = / \j/*(q)(A-A ) 2 \j/{q)dq. If we 
consider another operator B associated with the observable B, 
the uncertainty principle for the two variables A and B is for- 



mulated as a general commutator formulation, [A, B] = iCft, 
so that AA AB > | |Q)|. where Co is the mean value of the gen- 
eral commutator C. For conjugate variables generally the mean 
value of the general commutator is Co = ± 1 . 

Angular momentum of the electromagnetic field. - Clas- 
sical electromagnetic (EM) radiation can be interpreted in 
terms of an ensemble of photons and the intensity of the radia- 
tion field is related to the number of photons at a given angular 
frequency (0 = 2nv. This finds a precise and comprehensive 
description in quantum electrodynamics (QED), the relativistic 
quantum description of the EM field that describes the inter- 
action of light with matter [1]. In direct correspondence with 
the second-quantisation formalism of QED, photons can alter- 
natively be described in the first quantisation language based on 
the Majorana-Wigner approach using the Riemann-Silberstein 
formalism [2]. 

EM radiation does not only carry energy E and linear mo- 
mentum p, but also angular momentum J. While p is connected 
with force action and translational dynamics, J is connected 
with torque action and rotational dynamics and comprises two 
distinctively different forms [3,4]. The spin-like form S, known 
as spin angular momentum (SAM), is associated with wave po- 
larisation. The second form L, known as orbital angular mo- 
mentum (OAM), is associated with the phase profile of the 
beam, measured in the direction orthogonal to the propagation 
axis [5-8]. 

Since a photon does not have a rest reference frame, it is not 
always possible to strictly split the total angular momentum J 
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into two gauge-invariant quantal observables S and L [9]. The 
definition of photon spin is then derived from general consider- 
ations on the quantum mechanical properties of the electromag- 
netic field; in the momentum representation, the dependence on 
the coordinates is replaced by the dependence on the momen- 
tum fik. 1 

The distinguishability of the spin and the orbital angular mo- 
mentum would require that the "spin" and "coordinate" prop- 
erties of the wave functions be independent of each other, but 
the photon localisability problem makes it impossible to con- 
struct, in an immediate way, a simultaneous coordinate and mo- 
mentum representation. The vector wave function G(k) of the 
photon must also obey the transversality condition, since it is 
a zero rest mass particle [3,4]. Because of the transversality 
condition, G cannot simultaneously specify all the values of 
each of its vectorial components and therefore S and J cannot 
be separated. For instance, J might have a different representa- 
tion in terms of S and L when the light beam propagates in an 
inhomogeneous medium. 

However, in the case of light beams propagating in vacuum, 
it is possible to separate the two commuting operators S ; and 
L z obtained by projecting the two operators S and L onto the 
propagation axis of the beam z- Letting <p denote the photon 
wave function, one finds that 



S z q> = aftip 



S <p = s(s+ l)h 2 <p, 



where s = 1 and a = ±1 (lal < s) and 



L z (p = mh(p 



L 2 ( p = £(£+l)h 2 (p 1 



where £ and m are integer numbers, and \m\ < \£\, where 
/ = 0, ±1 , ±2, . . . , ±N. Quantum Electrodynamics confirms the 
picture that each individual photon carries an amount of SAM, 
which is an intrinsic property. QED also shows that a single 
photon can additionally carry OAM, which is an extrinsic prop- 
erty. At the single photon level, the one-photon state with OAM 
can be described either by a Dirac-like equation in a superposi- 
tion of eigenstates of OAM and spin operators, or with quantum 
electrodynamics [9, 10]. This property of photons has recently 
been discussed theoretically [2] and confirmed experimentally 
[11-14]. 

Heisenberg relations for OAM. - The properties of the 
EM field allow different formulations of the uncertainty princi- 
ple for photons, such as the relationship between phase and the 
photon number or the angular position and orbital angular mo- 
mentum [15, 16]. For the sake of simplicity and without losing 
generality, let us consider idealised OAM-carrying light beams 
such as Laguerre-Gaussian (L-G) beams that are characterized 
by helical wavefronts and a well-defined £ value of OAM per 
photon for any EM frequency [17, 18]. Along the z axis of the L- 
G beam, where the phase is not defined and the field amplitude 
goes to zero, optical vortices (OVs) are found. 



1 In a fully covariant approach it is found that the photon wave function has 
a total spinorial representation of rank 6, which is equivalent to a spinor of 
rank 2 for each coordinate, namely a vector. For this reason we say that the 
photon has intrinsic spin 1 and the quantum numbers associated to helicity are 
A = ± 1 , also known as photon spin. 



The phase is crucial in the OAM states of light, but from the 
quantisation of the electromagnetic field one finds that there is 
no direct formulation of an Hermitian operator for the phase of 
the photon. The construction of a quantum mechanical phase 
operator for the photon exhibits the same difficulties related to 
the concept of angular momentum of an electromagnetic wave 
as a constant of the motion. To construct an Hermitian opera- 
tor related to the phase one approach is to cast two particular 
operators based on trigonometric functions of the phase itself, 
the "sin" and "cos" operators [19, 20]. However, they have no 
immediate physical interpretation. 

L-G beams have cylindrical symmetry, and all physical prop- 
erties of such cylindrical systems are periodic functions of an 
angular position. Therefore the angular observables are re- 
stricted to the range of 2k and for this reason the angle oper- 
ator (j)g will have eigenvalues 0g lying in the range [9,6 +2n) 
[21-23]. 2 The commutator C, associated with the formulation 
of Heisenberg's principle, must be a periodic function of the 
angle 0. For this reason Co = 1 — 2nP(6), and the ensuing 
uncertainty relation 



A0 e AL, > - \l-27tP(0) 



(1) 



where P(0) represents the angular probability density at the 
boundary of the chosen angular range. Following the Wigner- 
Majorana quantisation procedure, photons can be described by 
a Dirac-like equation at the cost of non-localisability of the pho- 
ton. 

Heisenberg's uncertainty relations were formulated within 
the realm of non-relativistic quantum mechanics. The photon 
is an ultra-relativistic particle so one has to take into account 
that the speed is limited to the speed of light. Let us apply 
these considerations to the OAM states of photons. Already 
in the 1930's, Landau and Peierls discussed Heisenberg's rela- 
tions when a limit speed must be accounted for so that 
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v)ApAt>- 



(2) 



Because of the existence of a finite limit speed, viz. , the speed 
of light c, the absolute value of the (constant) speed difference 
(v' — v) cannot be larger than c. In the ultra-relativistic limit, 
when (v' — v) ~ c, one obtains a relationship involving momen- 
tum and time. The coordinate inde termination is then translated 
into an indetermination of the measurement in time, 



ApAt > — . 
2c 



or, in a generic formulation, 



[ Ai)^2^- 



(3) 



(4) 



By substituting the quantities in equation (1) into equa 
tion (4), assuming AA = AL Z and defining the tangential veloc 
ity around the z axis 

#6 



At ' 



(5) 



"The subscript 9 in the angle operator denotes its dependence on the choice 
of angular range. 
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where d<pg/dt is the related angular velocity, one obtains, for a 
fixed value of the radius r, 



i n 

-AL-At > — - 
r z ~ 2Q. f 



\\-2nP{6)\ 



n 

Tc 



(6) 



From equation (6) one infers that 1 1 — 2%P{Q)\ ~ r£l g jc which 
means that in a local relativistic limit the uncertainty is not de- 
termined, since P(9) varies in the interval [Q,2n). Multiplying 
(6) by r, this relation is translated into 



AL 7 At > 



\l-2nP(6) 



h r 
2 c 



(7) 



which means that |1— 2kP{9)\ ~ i2g/c and in the ultra- 
relativistic limit r ~ c/£lg. For OAM modes 



AL- = Am h 

and Heisenberg's uncertainty relation therefore becomes 
1 ( r \ „ _ 1 r 



(8) 



AmAf > 



\\-2nP{9)\ 



2 c 



This implies that the indetermination of the OAM state com- 
bined with a measurement occurring in the time interval At 
must be larger than half the distance from the phase singularity 
position in which one measures the vortex pattern, r, divided by 
the speed of light. This is calculated within a phase variation of 
2n. The rightmost member of equation (9) expresses the upper 
limit obtained in the ultra-relativistic case. 

Relativistic implications for OAM. - In the usual formu- 
lation, an idealised OAM-carrying beam of light can be repre- 
sented by the superposition of either Laguerre-Gaussian modes 
or Kummer modes and the dependence of the phase of the field 
does not depend explicitly on the distance to the optical singu- 
larity. In neither case can the effect of vorticity be measured at 
infinity because Laguerre-Gaussian modes decay exponentially 
at infinity while Kummer beams follow a power-law decay. The 
entire wavefront orthogonal to the z axis is twisted in phase and, 
with increasing radius r, a free test particle would paradoxically 
move around the rotation axis with a superluminal rotation ve- 
locity. This clearly demonstrates the limitation of the current 
formalism. 

To avoid superluminal velocities one has to consider the role 
of Special Relativity in the definition of angular momentum 
while formulating OAM states of light. Let us apply a "Re- 
ductio ad Absurdum" Gedanken Experiment to prove this con- 
jecture. By applying a general coordinate transformation in a 
Minkowski space-time to make L, disappear locally, we calcu- 
late this relationship in a co-rotating frame, rotating with angu- 
lar velocity d0g /At around the propagation axis, z, of the light 
beam. In the coordinate set (t,r,z,<p) the line element in the Rie- 
mannan geometry that describes this particular rotating general 
relativistic flat space-time, is given by the following quadratic 
form [24,25] 



ds z 



Q.lr 2 )dt 2 



2£V 2 d</> df - dz 2 



-r 2 d<j) 2 - 



dr 1 



(10) 



Even if this metric is locally diagonalisable, because of the 
equivalence principle, it cannot describe the behaviour of a 
real gravitational field at large distances. Otherwise one would 
have to violate the limit of the speed of light for a certain 
value of the radius r, violating causality. The mandatory con- 
dition on the metric tensor, goo > 0, implies that this particular 
quadratic form is valid only for distances that are in the inter- 
val < r < cj (d(pg /df). With this new limit imposed by the 
finiteness of the speed of light, one can neglect the rotation of 
the optical vorticity with a local gravitational field only when 
r <cj (d0e /df ), paradoxically limiting the spatial extent of the 
OAM state. 

In the ultra-relativistic limit, when the angular velocity is 
(d<j>g/dt) ~ c/r, simple algebra shows that P(9) = \/%. By 
adding the causality condition in a co-rotating frame, one finds 
also an upper limit in the indetermination, namely, 



-A-\l- 2 7zP(9)\<-AL z At<-^ 
ZLla r ZLlf 



(9) which implies the following inequalities 



2£lc 



\l-27tP(6)\ < AmAf < 



2£2 fi 



and the condition 



AmcAf = AmAr < 



(ID 



(12) 



(13) 



This condition reflects the dependence on the radius of the max- 
imum of intensity and the OAM value in such beams. 

Let us assume that a test particle at large distances is rotating 
around the z axis with the angular velocity imparted by photons 
of frequency v = (o/2n in an optical vortex of order m. In the 
ultra-relativistic case (v ~ c) there exists a limit in the OAM 
state indetermination that depends either on the time interval 
during which the local measurement is made 



AmAf ~ - 

c 



or, on the photon wavelength Ao, 

AmAAo ~ r 



(14) 



(15) 



An alternative interpretation can be given in the case of a 
constant circular motion with a fixed value of the radius r. In 
this case, the Heisenberg relation becomes an momentum-angle 
uncertainty relation 



ApA(r<j) g ) = rA/?A0 ( 



> jlQ,! 



(16) 



which is equivalent to the relationship involving the projection 
onto the z axis of the OAM operator with the 2% periodicity, 
since rAp ■ 



AL-. We then obtain 



AmAE ~ - 
r 



(17) 



which means that the maximum indetermination of an optical 
vortex cannot be reduced to a point (r — 0) and, consequently, 
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that any OV must preserve its central singularity. This clearly 
reflects the preservation of the topology of OAM states. 

We finally make some remarks about OAM states derived 
from cosmology. The maximum indetermination value in the 
wavelength estimation of an electromagnetic wave, AAo| m ax, 
must be smaller that the Hubble radius R = c/H, where H 
is the Hubble expansion parameter. This defines the size of 
the universe that has been in causal contact with an observer. 
More precisely, one can assume that a photon cannot have a 
wavelength larger than the radius of the last scattering surface, 
when the universe became transparent to radiation, AAo| max ~ 
1 .796 x 10 28 cm. In CGS units one obtains a minimum value of 
the indetermination of the OAM state, and a maximum by se- 
lecting the Planck scale, AAo| min = 1.616252(81) x 1(T 33 cm, 
which implies a maximum OAM value on the order of I ~ 10 33 . 
Hence, the finiteness of our universe and the existence of a limit 
scale such as the Planck scale imply the existence of a mini- 
mum and maximum value on the indetermination of OAM so 
that 

5.5679 x 1(T 29 < A£< 6.1872 x 10 32 . (18) 

The indetermination in an OAM state of light will be zero only 
when the Hubble horizon will be infinite, which means an in- 
finite time after the Big Bang or with super-horizon modes in 
an open universe, which is, in any case, limited by the last scat- 
tering surface. The physical meaning of this limit of the inde- 
termination is that, from a classical point of view, there can be 
no sources placed ideally at infinity, making the plane wave so- 
lution only but an artifact. One may think that only spherical 
modes, according to Huygens's principle, propagate in a finite 
space within a finite time. A different upper limit in the indeter- 
mination of an OAM state can be derived from superstring the- 
ory, characterized by a finite string length or from larger scales 
of space-time fuzziness expected from sub-millimetre gravity 
theories. Recent experimental results indicate that the upper 
limit is closer to the Planck scale [26]. 

Conclusions. - From general considerations on Heisen- 
berg's principle for OAM of light in a co-rotating frame, we 
have shown that for the determination of OAM states of light, 
there exist fundamental physical limits dictated by the Hubble 
horizon of the universe, and by the finiteness of Planck units 
below which space and time are not defined. The maximum 
OAM value allowable is of the order i ~ 10 61 . This is when the 
wavelength is on the order of the observable universe Hubble 
horizon and the twisting step on the order of the Planck scale. A 
larger error might be introduced by the possible presence of sub- 
millimetric space-time fuzziness expected from quantum grav- 
ity theories. In fact, one might consider using OAM states for a 
Gedanken Experiment, either to determine the Hubble horizon 
H or the existence of a scale for quantum gravity larger than 
the Planck scale, by determining the boundaries of the indeter- 
mination values of OAM states in (18). This would represent a 
direct link from the smallest to the largest scales in the universe. 
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